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Introduction

Unsolved problems on the theory of coalescence of bubbles
often affect recent attempts at large scale modeling using
population balances and CFD on bubble column reactors. Thus,
recent work by Chen et al.1 and Laari and Turunen2 used an
older approximate film thinning formula for calculating coales-
cence efficiency. To correct this, this work produces exact
solutions for film thinning, which include either classical Ha-
maker force used by Marrucci,3 or the retarded Van der Waals
force suggested by Prince and Blanch.4

Theory

When bubbles collide, a small amount of liquid is entrapped
between them, forming a small circular lens or film of radius R
and thickness h. The forces causing the film or lens to grow
thinner in pure systems arise from capillary pressure, aug-
mented by compression from a close range Hamaker force
which accounts for the mutual attraction of water molecules on
opposite sides of the liquid film. For equal size bubbles, Ool-
man and Blanch5 derived the thinning formula
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Prince and Blanch6 solved this equation numerically and con-
cluded the added Hamaker force had only slight influence on
coalescence time. They wrote that the added term was cum-
bersome in the numerical calculations. As we show presently,
a numerical solution is not necessary and, in fact, an easy-to-
use exact solution is revealed in this work. In a followup
article, Prince and Blanch4 suggest replacing the Hamaker
inverse cubic law with a retarded Van der Waals force, so Eq.
1 was modified to read
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The term B is the retarded Van der Waals coefficient, B �
1.5 � 10�19 erg-cm, compared to the Hamaker constant, A �
2.5 � 10�13 ergs.

Both of the thinning equations given above can be easily
separable and have well known integrals, after a slight change
in variables. Starting with Eq. 1, remove 1/�h from the right-
hand side (RHS) and combine with the differential on the LHS
as follows
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where a2 � A/6�(rb/ 2�)
Next, make the substitution x � h3/2, and x2 � h3 and use the

widely tabulated integral

� dx

�x2 � a2 � ln�x � �x2 � a2� (4)

Hence, for the initial condition h(0) � h0 the result is
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We can make these results dimensionless by defining � � h/h0:
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where
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In the same way the Van der Waals model in Eq. 2 can be
solved, except this time remove 1/h from the RHS and let x �
h2 and x2 � h4, then follow the previous procedure using �
dx/(�x2 � a2) and finally obtain
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Sample Calculations

Prince and Blanch6 suggest that the initial film thickness, h0,
in air-water systems is around 10�4m, and the final thickness,
hf, before rupture was around 10�8m so that the dimensionless
ratio at rupture was 10�4. Moreover, the lens radius was taken
to be the same as the bubble radius as an approximation, which
simplifies the calculation to find the final time to coalescence tf.
The traditional approximation ignores both the Hamaker and
Van der Waals contributions, and yields
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Table 1 illustrates the different values of thinning times. The
exact model allows computation of the actual rupture time
when the film disappears, hf/h0 � 0, which is not possible to
do with the approximate results in Eq. 8. In fact, the reason
workers6 need estimates of hf to find the coalescence time is
quite simple: taking the thickness to be zero leads to an infinite
time for coalescence to occur.

Conclusions

Now that exact solutions are at hand, researchers need not
ponder and guess at the final film thickness before rupture
occurs, since this effort provides the means to determine the
final time for coalescence. Table 1 shows for the air-water
system that the Hamaker and Van der Waals models gave
coalescence times about 10% less than the approximate model.
These comparisons assumed rb 	 R, and rb � 2mm. Compar-
isons would change for other model conditions.

Notation

A � Hamaker constant, erg
B � retarded Van der Waals constant, erg-cm
h � film thickness between coalescing bubbles, m

ho � initial film thickness, m
hf � final film thickness, m
R � radius of lens joining bubbles, m
rb � radius of bubble, m
t � time, s
tf � final time, s

Greek

� � h/h0, dimensionless thickness
�l � liquid density, kg/m3

� � surface tension, kg/s2

� � (R2�lrb/�)1/ 2, time constant, s
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Table 1. Thinning Times for Air-Water System when rb � R � 2 mm

Model

Time Constants

�R3�l

� �1/2

� 0.0105 s
Time to Reach hf/h0

� 10�4
Time to Reach

hf/h0 � 0

Hamaker, Eq. 6 NH

� 1.842 �
10�11 ��

6�� 0.00175 s 0.022440 s 0.022845 s

Van der Waal, Eq. 7
NV � 2.083 �
10�14 ��

8�� 0.00131 s 0.021455 s 0.021546 s

Approximate, Eq. 8 ��

4�� 0.00263 s 0.024228 s 
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